COBORDISMS OF MAPS WITH SINGULARITIES OF A 

GIVEN CLASS 



YOSHIFUMI ANDO 

Abstract. Let P be a smooth manifold of dimension p. We will describe the 
group of all cobordism classes of smooth maps of n-dimensional closed mani- 
folds into P with singularities of a given class (including all fold singularities if 
n ^ p) in terms of certain stable homotopy groups by applying the homotopy 
principle on the existence level, which is assumed to hold for those smooth 
maps. We will also deal with the oriented version and construct a classifying 
space of this oriented cobordism group in the dimensions n < p and n ^ p ^ 2. 



1. Introduction 

Let N and P be smooth (C°°) manifolds of dimensions n and p respectively. Let 
k ^> n, p (k may be oo). Let J k (N, P) denote the A; -jet bundle of the manifolds N 
and P with the canonical projection 7r^ x 7rp onto N x P and the fiber J k (n,p) 
of all fc-jets of smooth map germs (M™, 0) — > (R p , 0). Here, tt^ and 7Tp map a /c-jet 
to its source and target respectively. Let fl = Cl(n,p) denote a nonempty open 
subspace of J k (n,p) which is invariant with respect to the action of L k (p) x L k (n), 
where L k (m) denotes the group of fc-jets of germs of diffeomorphisms of (M. m , 0) . Let 
Q(N,P) denote the open subbundle of J k (N,P) associated to Cl(n,p). A smooth 
map / : N — ► P is called an U-regular map if and only if j k f{N) C £l(N, P). 

Let Cq(N,P) denote the space of all fi-regular maps of N to P equipped with 
the C°° topology. Let Tq(N,P) denote the space consisting of all continuous sec- 
tions of the fiber bundle 7r^|0(iV, P) : Q(N,P) — ► N equipped with the compact- 
open topology. Then we have the continuous map jn : Cq(N,P) — * Tq(N,P) 
defined by jn(f) = j f '■ We say that tt(n,p) satisfies the homotopy principle (sim- 
ply h-principle) if any section s in rn(7V, P) has an f2-regular map / such that j k f 
is homotopic to s as sections. In this paper we say that Q(n,p) satisfies the relative 
homotopy principle on the existence level if the following property (h-P) holds. 

(h-P): Let C be a closed subset of N. Let s be a section of Tq(N,P) which has 
an fl-regular map g defined on a neighborhood of C into P, where j k g — s. Then 
there exists an fl-regular map f : N — > P such that j k f is homotopic to s relative 
to a neighborhood of C by a homotopy s\ in Tq(N,P) with Sq = s and si = j k f . 

Let i+ m ■ J k (n,p) — > J (n + m,p + m) denote the map defined by i+ m (jof) — 
3o{f x *^M m ) f° r a positive integer, where / : (R™,0) — + (R p ,0) and id^m is the 
identity of K m . Let fl+ = f2*(n + l,p + 1) denote a nonempty open subspace 
of J k (n + l,p + 1) which is invariant with respect to the action of L k (p + 1) x 
L k (n+ 1) and satisfies i+i(Q,(n, p)) C f2*(rt + l,p+ 1). Let P be a smooth manifold 
of dimension p. We define the notion of f^-cobordisms of O-regular maps to P. 
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Let fi : Ni — > P (i = 0, 1) be two fi-regular maps, where Ni are closed smooth 
n-dimensional manifolds. We say that they are £l*-cobordant when there exists an 
fi*-regular map, called an fi*-cobordism, £ : (W, dW) -»(Px[0,l],PxOUPxl) 
such that, for a sufficiently small positive real number e, 

(i) W is a compact smooth manifold of dimension n+1 with dW being No U N\ 
and the collar of dW is identified with jV x [0, e] U N\ x [1 — e, 1], 

(ii) €\N x [0, e] = f x id [0 ,e] and £|7Vi x [1 - e, 1] = /i x id[i_ e ,i]. 

We similarly define the notion of oriented fi*-cobordisms of fi-regular maps by 
providing manifolds concerned with orientations, where No U Ni in (i) should be 
replaced by N U (—Ni). Let 9t(n, P; fi, fi*) (respectively £>(n, P; fi, fi*)) denote 
the monoid of all fi*-cobordism (respectively oriented fi*-cobordism) classes of fi- 
rcgular maps to P. In this paper we will describe these monoids of cobordism 
classes in terms of certain stable homotopy groups. 

We need some notations for this purpose. Let £ — > X and T — > Y be smooth 
vector bundles of dimensions n and p over smooth manifolds, and let nx and tty 
be the projections of X x Y onto X and Y respectively. Define the vector bundle 
J k {£,F) over X x Y by 

fe 

(1.1) J k (£,T) = ®Rom(S i (n* x (£)),ir* Y (F)) 

i=l 

with the canonical projections 7r^ : J k (£,J 7 ) — > X and 7Ty : J k (£,J r ) — > Y. Here, 
^(f ) is the vector bundle LIMA'S' 1 (£2;) over X, where S l (£ x ) denotes the i-fold sym- 
metric product of the fiber £ x over ir. The canonical fiber 0" =1 Hom(S ,l (R"), R?>) 
is canonically identified with J k (n,p). If we provide N and P with Riemannian 
metrics, then J k (TN,TP) is identified with J k {N,P) over JV x P (see Section 2). 
Let fi(£, JF) denote the open subbundlc of J k {£,T) associated to Q(n,p). 

Let G m refer to the grassmann manifold G m .t (respectively oriented grassmann 
manifold G m ,e) of all m-subspaces (respectively oriented m-subspaces) of R e+m . 
Let 7^ m and 7^ denote the canonical vector bundles of dimensions m and i 
over the space G m respectively such that la m ffi la m IS the trivial bundle SQ~ m . 
Let T(jQ m ) denote the Thom space of 7^ . The spaces {^(tq )}^ constitute a 
spectrum. Let i G : G„ — > G„+i denote the injection mapping an n-plane a to the 
(n + l)-plane generated by a and the (n + i + l)-th unit vector e n+ g + i in R"+^ +1 . 
Let fi = fi(7g n , TP) and fi* = fi*(7g+\, TP © e},) be the open subbundles of 
J fe (7g re ,TP) and J^g+^TP e},) associated to fi(n,p) and fi*(n + l,p + 1) 
respectively, where ep denotes the trivial bundle P x R. Set 7^ = {-Kq )*(~/q )\n 
and 7^ = (ttq )*(7g )|n,- There exists a fiberwise map A( a,n *) : fi — > fi* 
associated to i + i|fi(n,p) : fi(n,p) — » fi*(n + l,p + 1) covering i G x zdp. Then 
A^ ' *) induces the bundle map 

b(7) (nA »:T^l 

covering A( n,n *) and the associated map T(b(7)( n ' n *)) between the Thom spaces. 
Let £^> n,p. We denote the image of 

(1.2) T(b(7) ( ^ 2 * } )* : lim n n+i (T(^)) — Hm tt„ + , (T(^J) 
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by lm m (T(b(7)( n ' a *))) (respectively Im° (T(b(7)( n ' n *>))) in the unoriented (re- 
spectively the oriented) case. 

We are ready to state the main result of this paper. 

Theorem 1.1. Letn andp be positive integers. Let P be a p- dimensional manifold. 
Let Q(n,p) and fi*(n + l,p + l) denote the above open subsets invariant with respect 
to the actions of L k (p) x L k (n) and L k (p+l) x L k (n + 1), respectively, such that 
i-l_i(fi(n,f>)) C f2*(n + l,p+ 1), £l(n,p) satisfies the h-principle and that f2+(n + 
l,p + 1) satisfies the relative h-principle on the existence level in (h-P). 
Then there exist isomorphisms 

n (n,n.) . m ^ p . n> Im m ^T(b(7)< n ' n *))) , 

(n,n*) . D ^ p . n> — > lm o fr(b(5?)C n ' n *>)) . 

Let K, denote the contact group introduced in [36] which acts on J k (n,p) or 
J k (n + m,p+m). Let fi)c = Qic( n + m ,P + m ) denote the subset of J k (n + m,p+m) 
which consists of all /C-orbits K.(i+ m (z)) for fc-jcts z 6 £l(n,p). It will be proved 
that fl/c(n + m,p + m) is an open subset (see Lemma 5.2). 

As for the image of T(b(7)( n '°*))„, we will prove the following theorem. 

Theorem 1.2. Let n < p and P be as in Theorem 1.1. Let Q(n,p) denote a 
nonempty open subset in J k (n,p) invariant with respect to the action of K. and let 
^jc(rt + 1>P+ 1) be as above. Then the homomorphism T(b(7)(°^' c ^)» in (1.2) is 
surjective. 

Let rk(7~ + ™ ,R p+m ) denote the subbundle of J k ( 1 n + m ,W+ m ) associated 
to O/c (tt, + m,p + m). For O — 0(n, P; ft, fife) we define 

B ° = J™ (}™^ Si+n - p ^4 n /^ +m ,ln K(7S::m/R , +m) ))) , 

where C°(X, Y) denotes the space consisting of all base-point preserving continuous 
maps between connected spaces with base points equipped with the compact-open 
topology. 

Theorem 1.3. Let n<porn^p^2. Let P be a closed connected oriented 
p-dimensional manifold. Let Q(n,p) be a nonempty K,-invariant open subset such 
that if n ^ p ^ 2, then Q(n,p) contains all fold jets at least. Then there exists an 
isomorphism 

D(n,P;n,n K ) — > [P,B ]. 

In our study of cobordisms of singular maps the h-principle for f2-regular maps 
plays a quite important role and our method is available in the dimensions n ^ p 
as well. Theorem 1.1 has been developed from an observation for fold-maps in 
[2 Theorem 0.4]. Set = fijcfrctZ , TP © e£). Theorem 1.2 implies that 
0(n, P; ft, fix;) is isomorphic to the stable homotopy group lim^oo n n+ i {T^y^ )J . 
If we apply the relative h-principle in Theorem 9.1 to [42l Theorem 9.2] due to 
Sadykov, then it follows that D(n, P; ft, ft/c) is isomorphic to ir n+ £ {rij^m)^ also 

in the dimensions n ^ p ^ 2 as well as n < p, where 7^™ = (wq + )*(7g + )|n^ 
and I and m are sufficiently large integers. By using these stable homotopy groups, 
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we will induce the space Bo by applying the S'-duality in [47] in Section 8. In 
Section 9 we will see that the h-principlc in (h-P) holds for a very wide class 
of /C-invariant open sets fi(n,p). Let S J (n,j») denote the Boardman manifold in 
J k (n,p) with Boardman symbol / = (ii,--- defined in [12] . An important 
example of tt(n,p) is the open subset VL 1 (n,p) which is the union of all T, K (n,p) 
with K ^ / in the lexicographic order. Th results of the paper show the importance 
of the homotopy type of Q(n,p). In [I], [2], [I] and [5] we have described the 
homotopy type of fl l,0 (n,p) for i — max{ri — p+ 1, 1} in terms of orthogonal groups 
and Stiefel manifolds. Although available only in the case of fold-maps, we will 
construct a simpler spectrum in Section 10 whose stable homotopy group is a direct 
summand of D(n, P; fi*' , (respectively 9T(n, P; fi 4,0 , fi 1 ' )) and also construct 
the corresponding classifying space. This result is a refinement of [4[ Theorem 0.3]. 
Let F m denote the space of all base point preserving maps of the m-sphere S m and 
let F = linim^oo F m . When n = p ^ 1 and P is closed and oriented, we will prove 
that there exists an isomorphism of D(n, P; fi 1 ' , fi 1 ' ) onto [P, F], which has been 
given in [3] and [4] from a different point of view. Therefore, we may assert that the 
topology of Bq will be important in connection with the canonical homomorphism 
of D(n, S n ; fi 1 ' , fi 1 ' ) to 0(n, S n ; fi, fijc) and the map F -> B D . We should refer 
to Chess [T4]. in which D(n,R"; fi 1 ' , fi 1 ' ) « < has been proved 

The study of h-principlcs for fi-regular maps has a long history. Here, we only 
refer the reader to Smale[46]. Hirsch[25]. Phillips [39]. Feit[22], Gromovf[23]. [24]), 
Eliasberg([20], [21]) and du Plessis([16], pi], [TH]) for the details and further refer- 
ences. 

In [19] Eliashberg has studied the cobordisms of the solutions of the first order 
differential relations such as Lagrange and Legendre immersions by applying his 
h-principle. Sadvkov[42] has studied and expressed the cobordism group of fi- 
regular maps in terms of the stable homotopy group as explained above under the 
assumption of the relative h-principle in a formal approach. 

In [40] Rimanyi and Szucs have constructed a certain classifying space such that 
the group of the cobordism classes of smooth maps of n-dimensional manifolds into 
P having only a given class of C°° stable singularities is described by the homotopy 
classes of P to this space in the case n < p and in [51] Szucs has developed further 
results. The method of the construction of this classifying space is quite different 
from ours of the space Bq using h-principles in this paper. In [28] . [29] and [30] 
Kalmar has studied the cobordism groups of fold-maps in negative codimensions. 

As another line of investigation of cobordisms of singular maps in which h- 
principles are not available, we refer to Saeki[43]. Ikegami-Saeki[26] . Saeki[44]. 
Kalmar [27] and SadykovjUJ. 

We will define the homomorphisms n^ 2,n *^ and o^ a ' n *^ in Section 3. In Section 
4 we will prove Theorem 1.1. In Section 5 we will prove that fij? is an open subset. 
In Section 6 we will prepare several results which are necessary in the proofs of 
Theorems 1.2 and 1.3. In Section 7 we will prove Theorem 1.2. In Section 8 we 
will explain how the space Bq is introduced. In Section 9 we will give a wide class 
of open sets fi(n,p) which satisfy the h-principle in (h-P). In Section 10 we will 
construct a simpler spectrum and then, the classifying space By such that [P, By] 
is a direct summand of the cobordism group for fold- maps by using Theorem 1.1 
and the homotopy type of fi™~ p+1 '°(n,p). 
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2. Preliminaries 

Given a fiber bundle ir £ : £ — * X and a subset C in X, we denote (ir £ )~ 1 (C) 
by £\c- Let 71"^ : T — > Y be another fiber bundle. A map 6 : £" — ^ is called 
a fiber map covering a map b : X — > Y if 71"^ o 6 = 6 o ir £ holds. The restriction 
b\(£ \c) ■ £\c —* J~ ( or ^\b{c)) is denoted by b\c- In particular, for a point x £ X, 
£\ x and 6^ are simply denoted by £ x and b x : £ x — > J-";,/^ respectively. The trivial 
bundle I x t f is denoted by e l x ([49]). 

Let £ — > X and J 7 — > Y be vector bundles of dimensions n and p respectively. The 
origin of R m is simply denoted by for any natural number m. We define the action 
of L k {p) x L k [n) on J k {n,p) by (j$hi,jfih 2 ) ■ jftf = jg(hi o fo ft" 1 ). Let £ x -> X a 
and J 7 ! — > Yi be other vector bundles of dimensions n and p respectively, and let 
b\ : £ —* £\ and 62 : F — * -^l be bundle maps covering 61 : X — > Ai and bi : Y — > Yi 
respectively. Then 61 and 62 yield the isomorphisms S l (£ x ) — » ^(^-l^Ws)) and 
^ — > J~i.b 2 (y) f° r an y x G an d 2/ £ Y f° r 1 = * = and hence, we have the 
bundle map 

(2.1) i(h,b 2 )- J k (£,F)^ J k (£i,fi) 

covering 61 x 62- Then j(6i,&2) induces the bundle map j(&i,&2)fi : £l(£,J-) — > 

n(5i,^i). 

If we provide A and P with Riemannian metrics, then the Levi-Civita connec- 
tions induce the exponential maps exp N x : T X N — > A and exp P : T a P — > P for 
x £ N and y £ P respectively. In dealing with the exponential maps we always 
consider the convex neighborhoods ([53]). We define the smooth bundle map 

(2.2) J k (N,P)^J k (TN,TP) over N x P 

by sending z = j*/ G (n^ x 7Tp)~ 1 (x, y) to the fc-jet of (exp Py ) _1 0/0 exp N at 
e T X N, which is regarded as an element of J k {T x N,T y P){= J k y (TN,TP)) (see 
[33l Proposition 8.1] for the smoothness of exponential maps). More strictly, (2.2) 
gives a smooth equivalence of the fiber bundles under the structure group L k (p) x 
L k (n). Namely, it gives a smooth reduction of the structure group L k (p) x L k (n) 
of J fc (A,P) to 0(p) x 0(n), which is the structure group of J k (TN,TP). Let 
I! 7 (A, P) denote the Boardman manifold in J k (N, P), where / = [ii, - ■ ■ ,ik) is a 
Boardman symbol such that n ^ i\ ^ • ■ • ^ ik ^ (see Qj], [34] and [38]). Let 
n'(N,P) denote the open subset which is the union of all T, K (A, P) with K ^ I 
in the lexicographic order. Let E 7 (TA, TP) and Q I (TN, TP) be the subbundles of 
J k (TN, TP) associated to £ J (n,p) and fi J (n,p), which are identified with £ J (A, P) 
and f2 (A, P) under (2.2), respectively. 

Let / : X — > Y be a continuous map. If /* : 7Tj(X) — > 7r^(Y) is an isomorphism for 
^ i < m and an epimorphism for i = m, then we call / a homotopy m-equivalence 
in this paper. 

3. HOMOMORPHISMS n^' *' AND o^ * *^ 

Let and f2*(n+ l,p+ 1) be open subsets given in Theorem 1.1. 

As usual we provide 9t(n, P; f2, f2*) and D(n, P; O, fi*) with the structures of 
monoids. Namely, given two fi-regular maps /, : N{ — ► P (i = 0, 1), we define the 
sum [/o] + [/1] to be the cobordism class of the i7-regular map / : Ao U Ai — > P 
defined by /|Aj = /j. We proceed the arguments commonly in the unoriented case 
and the oriented case in Sections 3 and 4, because in the oriented case we only 
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ncocl to provide manifolds and vector bundles concerned with the orientations. The 
orientability of P is not necessary even in the oriented case in Theorems 1.1 and 
1.2. We will need the orientability of P at the end of Section 8. 

We will identify W 11 with S m \{(0, • • • ,0, 1)} for positive integers m in the follow- 
ing. Let M be an m-dimensional compact manifold such that M should be oriented 
in the oriented case. Let £ 3> m. Take an embedding cm ■ M — > R^ +m and identify 
M with ej/(Af). Let cm : M — > G m be the classifying map defined by sending 
a point x G M to the m-plane T X M G G m . Let z/m be the orthogonal normal 
bundle of M in R*+ m . Let c T m : TM -> 7 ™ m (respectively c^ M : z/ M -> 7 G J 
be the bundle map covering the classifying map cm : M — > G m , which is defined 
by sending a vector v of T X M (respectively w Evm.x) to (T X M, v) (respectively 
(T X M, w)). Then we have the canonical trivializations tu ■ TM © vm ^m™ an d 
tc m ■ la m © 7c m ~> £ gIT • Thcy induce t G m ° ( c tm ®c VM )o t~ K } — cm x zd Rf+m . Let 
J 7 be any vector bundle of dimension q over P and 0(m, g) be an L fc (g) x L k (m)- 
invariant open subspace of J k (m,q). Let fi TO = Q.(p/Q be the subbundle of 
J k {lc m > ■^ 7 ) associated to fi(m, g). If there is a map sm ■ M — > r2 m with 7r Gm o s M 
being homotopic (respectively equal) to cm, then c™, c„ M and the projection 
■KQ m \n m : fi m — ► G m induce the bundle maps c™ : TM — > (7TG m )*7G m |n m and 
: -» (7r Gm )*7 Gm In m covering s M such that tn m o (c™ ©Q)o t M J is homo- 
topic (respectively equal) to s« x id R «+ m , where tfi m : {^G m )*(^G m ©7G m )l^ m — > 
£ rt™ ^ s tnc trivialization induced from i Gm ■ 

to(l& m ,f) — (4 m )*7c? m ln m (or(7r Gm )*7 Gm |o m ) 

/SM I Tc™(o r <«) 

M — > G m x P TM (or i/ M ) 

\ cm I I ctm (or c„ M ) 

— 7ci>r7 G J 
Let ^4 mjg refer to the grassmann manifold G m .q (respectively oriented grassmann 
manifold G m , q ) of all m-subspaces (respectively oriented m-subspaces) of R m+q . Let 
7™ m q and 7^ m denote the canonical vector bundles of dimensions m and q over 

^4 m>g respectively such that 7™ m g ©7l m , ^ s tnc trivial bundle £™j^ • Let T(7^ m ) 
denote the Thorn space of 7^ . Here, we see that the spaces {T((ir G )*7 G |o m )}^ 
constitute a spectrum. Let j : G m — ► A m j + \ denote the injection mapping an m- 
plane a in R m+e = M. m+i x to the same a as the m-planc in R m+e+1 . We have 
the canonical bundle maps 

b: 7c m — 7? m ,, +1 and 6 : % m © e Gm — ?£, t+1 

covering j. Let fi^ = ^(7™ m , -T 7 ) be the open subbundle of J fe (7™ m , J 7 ) 
associated to 0(m, g). We have the bundle map 

j{b,idr)n : fl m — ► 

covering j . Then b induces the bundle map 



(<J*(% ra ®4jk» — (4 m , +1 )*(7t!, +1 )l 



covering j(Ma»n. Since T((7r£j*(% m © 4JIO - T((4j*(7 G J IO A S 1 , 
we have the associated map 

T(b) : T((7r Gm )*(7S m )|n m ) A 5* 1 ► T{{^ + J^ )\ a .J. 
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This shows the assertion. 

Take an embedding ejv : N — > M. n+e cS n+e and apply the above notation. Then 
we have the bundle map 

3(c T N,id T p)a : Q{TN,TP) f2 = Q( 7 S n ,TP). 

Let / : AT — > P be an f2-regular map with the jet extension j k f : N — > fl(TN, TP) 
and let = j{c TN ,idxp)n ° j k f ■ Then we have the composite 

a^ a > o SN : n -+ n* = ^( 7 g+| i5 rp©4) 

and 

covering 

A (o,n») OSjv _ We denote the Pontrjagin-Thom construction for e N by a N : 
S n+i T ^ (p]^ Let g^p;^^) refer to <Jl(n, P; ft, Q*) or D(ra,P; f2,fi*), 
let Im (T(b(7)( n ' n *))) refer to Im 01 (T(b(7)(°' n *))) or Im D (T(b(7)<: o > n *))) and let 
to refer to n^' *- 1 or o^ n,n *\ depending on whether we work in the unoriented case 
or oriented case. We now define the maps 

w : C(n, P; 0, fi*) — Im (r(b(7)( n ' n *))) 

by mapping the cobordism class [/] of (£(n, P; f2, fi*) to the homotopy class of 
T(b(7)!"A))oT(^)o aw . 

We have to prove that w([/]) does not depend on the choice of a representative 

/• 

Lemma 3.1. Suppose that two fl-regular maps fi : JVj — > P (£ = 0, 1) are f2*- 
cobordant. Then we have n^ n ' n *' > {[fa]) — n^ n,n *^ J/ A 7 * are oriented and fi 
{i = 0,1) are oriented Q±-cobordant, then we have o'° :fl *^ ([/o]) = 0^ n,n *^([/i]). 

Proof. We first have to prove that w([/]) does not depend on the choice of an 
embedding ejv- Let £ be a sufficiently large integer. Let ejv : N — > M ,l+f be an 
embedding of iV. For a nonnegative integer m, let be the composite of ejv and 
the inclusion R n+e = xO^ I" +£+m . Then we may regard v N © as the 

normal bundle of and the Pontrjagin-Thom construction for is the m-th 
suspension S n+e+m -> © e$) = r(i/jv) A 5 m of that for e N . 

Given two embeddings : iVj — > R n+fi ( z = 0,1) with 4 = lo + m for m ^ 0, 
by the above argument we consider e^ o in place of ejv ■ It will be proved by the 
argument below that w([/]) does not depend on the choice of e^ o and e^. 

Let e be a sufficiently small positive real number. Let /(0,e) and J(l,e) denote 
the intervals [0, e] and [1 - e, 1] respectively. Let £ : (W,0W) -> (P x [0,1], P x 
U P x 1) be an ft*-cobordism of /o and /i. Take embeddings : iVj — ► R n+ 
and evi/ : — > R™ +€ x [0, 1], and let us identify as 2Vj = e^ 4 (A^) = e Nz (Ni) x {£}, 

= ew{W) and P = P x {«}. Then we may assume that for £ = 0, 1, 

(i) VF n x 7(i, e)) = iVj x /(£, e), 

(ii) ewl^ x J(£,e) = ejv< x idj(i )£ ), 

(iii) C|JVi x 7(£,e) = /» x £dj(;, e ), 

(iv) j fc C|JVi x {i} = j fc (/i x ^ K )|7Vi x {i} under Ni = N t x {£} and P = P x {£}. 
In the identification TW]^ = TNi © e]^., the positive direction of e]^ should 
correspond to the inward normal direction, and that of e]^ should correspond to 
the outward normal direction. Then we may assume that the trivializations 

t Nt : TNi © v Nt e n + l and t w ■ TW © v w -> e^ +1 
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satisfy tw\N t = (tNi®id £ i )o(id,TNi ffik^.), where k^. : e^©^ — * v N i ®£\r i is the 
map interchanging the components ej^ and i/jy, . Let c 7 g : 7 Gn ® £ h n ~ * ^G^+i 

denote the bundle map covering i G : G n — ► G„+i defined by c 7 g ee g (V x g)(x, t)) — 
V i G( x - ) +te n+i+1 for x e G n) V x G (jajx and teK. Let s Wi = j(cTm,-id T p)n°j k fi 
and sh/ = j(cTVK) ^t(Px [0,1]) )n t ° j k £- Then we have that 

c 7 g ©eg o (cTiVj © (cat, x id R )) = c T w\TN l © e^, 

Let aw ■ S n+e x [0, 1] — > T(^vk) be the Pontrjagin-Thom construction for ep^. 
Under the identifications 

fi*(3¥,T(Px [0,1])) =n*(TW, TP ©4) x [0,1], 

0,(7"+^, T(Px [0,1])) =0,(73+^, TP ©4) x [0,1], 

the composite T(c"w)oaw gives a homotopy between T(b(7)( n,n *)) oT(cs»°) ° aAr 
and T(b(7)( fi > n *)) o T(c^) o a Nl . This proves w([/ ]) = □ 

4. n^ 2 ' f2 *^ AND o ( ^' n *) ARE ISOMORPHISMS 

We prove Theorem 1.1 in this section. Let Vt{n,p) and fi+(n + l,p+ 1) be the 
open subsets given in Theorem 1.1. 

Proof of Theorem 1.1. We use the notation in the proof of Lemma 3.1. We first 
prove that u> is injective. For this, take two fi-regular maps /j : Ni — ► P (i = 0, 1) 
such that uj([fo\) = Recall the map r(b(7)( n,n *)) o T(c^«) o BjV , which 

represents oj([/,]). There is a homotopy if : S' n+ x [0, 1] — ► T(7q ) such that if e 
is sufficiently small, then we have, for i = 0, 1, 

(i) x I(i,e) = T(b(7)(W)oT(C;)oa Wj o (7r s „ + ,|5™+^ x /(*»), 

(ii) if is smooth around ff _1 (f2*) and is transverse to SX. 
We set W = H- 1 ^). Then we have 

(iii) W n (5"+^ x e)) = JV 4 x e), 

(iv) £T|JVi x I(i, e ) = A( Q ^os N . o (7r Ni \(N t x I{i,e)), 

(v) TW| J v iXl(i , e) = T(Ni x J(* |C )) = (TN i ®sj fi ) x /(i.e), 

(vi) i^v|jvix/(i,e) = v Ni x /(i,e). 

By (ii) we have the bundle map c u ™ : Uw ~* 7n covering H\W : V4 7 — > ^2* such 
that 

(vii) C| N , xJ( ,, £) = b(7)( n - n *) oc^« o (tt^J^ x /(i,e)) by (i) and (iv). 

By [2j Proposition 3.3] we obtain a bundle map of TW © to (tt g „ +1 )*(7 g ^ 1 1 © 
£ Gii+1 )|n* with a required property concerning the trivialization. By this property 
and the dimensional reason, we obtain a bundle map 

c™:TW^(^ n J*(^lJ\n* 

covering H\W : W — > 17* induced from the above bundle map such that tn„ (c^ M/ ffi 
c ~ w ) ^vv i s homotopic to (-ff|PF) x id R n+*+i. Since 7 G +1 is the universal bundle 
(£ » n), cl w is regarded as c^. Let b( 7 © e 1 ) (n ' n * ) T(7r^ n )*(7g B © £ G J|o -» 
( 7r G„ + i)*(7St+i)l n * cover i n g A^ ' *) be the bundle map induced from c 7 g ee g in 
the proof of Lemma 3.1. Then we may assume by (iv), (v) and (vi) that 
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(viii) cZ W \(Nixi(i,e)) is equal to 

b ( 70£ l)(O,O,) o ^Nt e ^ x Wr)) OTTTMffie^KCTJViffie^) x J(i, e)). 

Hence, % is homotopic to tt Gji+1 o P|VF relative to (-/V x [0, e]) U (Ni x [1 — e, 1]). 
Let 7r TPffie i j : T(P x [0, 1]) = (TP©£ P ) x [0, 1] -> TPffie P be the canonical bundle 
map covering the canonical projection np : P x [0, 1] — > -P. Then we have the 
bundle map 

j( C TW,7r TPe ^)^ : fl*(TW, T(P x [0, 1])) = fi*(TW, TP © £p) x [0,1] 

— fi* = fi^g^, TP ffi £p ) 

covering cw x 7rp. Therefore, since [0,1] is contractible, there is a section sw ■ 
W -» n*(TW,T(P x [0, 1])) such that 

n Pxlos] os w\N x J(i,e) = fi x id/( i)£ ), 
7T P o 7rp x[01] o s w = Trp o (P|VK), 

and that j(cTw, ^tpbs 1 )n* ° s w i s homotopic to H\W relative to (No x [0, e]) U 
(N, x [l-e,l]). ' 

Since f2*(TW, T(Px [0, 1])) satisfies the relative h-principle on the existence level, 
there exists an f2*-regular map £ : W — > P x [0, 1] such that £(a;, i) = /o(ie) x t for 
^ t ^ e, £(a;, i) = f\(x) x t for 1 — e ^ t ^ 1 and that j k< L is homotopic to Sw 
relative to (No x [0, e/2]) U (Ai x [1 — e/2, 1]). This implies that the ^-regular maps 
fo and /i are J7^-cobordant. This proves that u> is injective. 

We next prove that u> is surjective. Let an element a of Im (T(b(7)^ n ^ 2 *- ) )) be 
represented by a map a : S n+e -» T^) such that (T(b(7)( n > n *)))*([a]) = a. We 
may suppose that a is smooth around a -1 (fi) and is transverse to fi. We set 
N = a _1 (fl). If N = 0, then [a] must be a null element, although we can deform 
a so that N ^ even in this case. Since a is transverse to fi, we have the bundle 
map : vn — ► 7^ covering a|iV. It follows from [H Proposition 3.3] that there 
exists a bundle map 

c TN®e% . TiV ®4 (4j*(7g„ ©4jln 

covering a\N : A" — > f2 such that the composite 

(in © idgs ) o (jd (7r * j, (7 „j k£j 

o (c™® £ « © d?) o (id T iV © k£) o (i" 1 © zd £ 3 w ) 

is homotopic to (a\N) x id Rre +f+3, where k£ : £ G ® 7g„ — * 7g ® £ G„ anc ^ : 
^jv ©e^r — > £% © "iv are the maps interchanging the components respectively. Since 
7 Gn is the universal bundle (£ ^> n), cZ N ® eN is homotopic to c™ N © ((a\N) X idjRs), 
and o (c^/]y ffic^f) oi^ 1 is homotopic to (a\N) x ic? R „+«. Hence, cat is homotopic 
to 7r Gn o a|AT. By [21 Proposition 3.3] again, c^™ and c^ N are homotopic as bundle 
maps vn — > 7q. Since we have the bundle map 

3(c T N,idTp)n ■ n{TN,TP) — > fi = f2( 7 S n ,rP) 

covering cat x idp, there is a section sn : N — > H(TN,TP) such that ir P o sn = 
7rp o a | iV and j (ct at , «c?tp ) o sat is homotopic to a | AT. Since fi (TAT, TP) satisfies the 
h-principle, there exists an fi-regular map / : A^ — > P such that j f is homotopic 
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to sn- This implies that j(ctn, idrp)n ° j f and a\N are homotopic. This proves 
that 

co([f]) = [T(b(^ n ^)oT(c^ N )oa N ] 
= [T(b(7)( flA »)oT(c:»)o fl;( ] 
= [T(b(7)( n ' n *')oa] 
= a. 

This is what we want. □ 

Under the assumption of Theorem 1.1 P; £1, f2*) inherits the structure of 
an abelian group from the stable homotopy groups. The null element is defined 
to be represented by an £!-regular map / : N — > P, which has an f^-cobordism 
€ : {W,dW) -> (P x [0, 1],P x 0) with dW = N such that £|7V = / under the 
identification P x = P. 

5. Examples of f^(n + l,p+l) 

In this section n < p is not necessarily assumed. As an important example of 
Sl^n+ljp+l) for fl(n,p) we recall = £l;c(n+l,p+l), which is the set consisting 
of all /C-orbits K,{i + \{z)) for /c-jets z G fl(n,p). Let C m denote the ring of smooth 
function germs (R m , 0) — ► R and let m m denote its maximal ideal. 

Lemma 5.1. Let i be a non-negative integer smaller than n + 1. Then any k-jet 
w G S*(n+ l,p + 1) has a k-jet z G T, l (n,p) such that w lies in K{i + \{z)). 

Proof. We consider the usual coordinates x — (x\,X2, • ■ • , x n+ i) of R n+1 and y = 
(yi, 2/2, •• • , Vp+i) of R p+1 . Under suitable respective coordinates 

x' = (x[,x' 2 ,--- ,x' n+1 ) and y' = (y[, y' 2 , ■ ■ ■ , y' p+1 ) 

of R n+1 and R p+1 , w is represented asw = jfig with 

(y'i o <?(A ■ • • , y;+i o g{x')) = (x[,---, x' n _ i1 g n - i+1 (x'), g p (x'),x' n+1 ), 

where g j G m^ +1 . Let g : R n+1 — ► K p+1 be the map germ defined by 

(y 1 og(x), ■ ■ ■ ,2/p+i oj(i)) = (xi, - • • ,a; n _i,ff n_ * +1 (a;),- ■ • , ff p (a;), x„+i). 

It is evident that jgg G K,(w). Let .t = (xi,-- - ,x„,0). Define the map germ 
/ : R" = R" x R p by 



/(*) 



(x lt --- ,x n - it g n l+1 {x),g n l+2 {x),--- ,g p {x)) for i < n, 
v {g 1 ^)^ 2 ^), ■ ■ ■ ,g p {x)) for i = n. 

Then we have 

Q(^g) = C n+ i/(9* K+i) + mf+l) 
«C„/(/*(m p )+m* +1 ) 

Setting z = j^f, we have w G fC(i + i(z)). □ 

Lemma 5.2. Let Q(n,p) be a JC-invariant open subset of J k (n 1 p). Then the set 
fijp is open in J k (n + m,p + m) for m > 0. 
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Proof. It is enough to prove the case m = 1 . Suppose to the contrary that flj^ is not 
open. Then there exists a fc-jet w G ftj^ and fc-jets Wj (£_ 0^ such that limjWoo Wj — 
w. By definition, there exists a fc-jet z G VL(n,p) such that w G K.{i+\(z)). Let 
i = n— rankz. Then we may assume without loss of generality that w = i+i(z), 
w = j$g, Wj = jg gj and lim^oo Wj = w with 

(yi °g( x ), ■ ■ ■ ,V P +i °g( x )) = Oi> ■ ■ ■ ,x n -i,g n ~ %+l {x), ■ ■ ■ ,g p (x),x n+1 ), 
{Vi°9iix),~- ,y P+ io gj {x)) = {g){x),--- ,9?-\x),g?-*\x\.-- ,gf \x)), 
where <?* G tn^ for n — i+ 1 ^t^p. Since lim^oo iUj = we set 

/ij(xi, • • ■ ,x n+ x) = (xi, ■ ■ ■ ,x n -i,gj~ l+1 (x), ■ ■ ■ ,g?(x),x n+ i), 
h](x u --- ,x n+1 ) = (xi,--- ,x n _i,^ _t+1 (x),--- ,flr?(5),x n+ i). 
Since the map germ defined by 

(xi, • ■ • ,x n+ i) i — ► (ff)(x), • ■ • ,g?- % (x),x n - i+1> ■ ■ ■ ,x n ,gP +1 (x)) 
is a local diffeomorphism for sufficiently large numbers j, we have Qk(wj) f=a 



QkUo h )) ~ Qktiotf). Let us define 



/j O^l ! ' ' ' ) x n) 



(xi, ■ ■ ■ ,x„_,,3" l+1 (x), • • • ,g p Ax)) for i < n, 



' ' ' for i = n. 

Then we have that lim^oo j'q /ij = w = i+i(z) and i+i{j$fj) = j^h^, and hence, 
Qkiwj) k Qktiofj)- Since lim,--^ = 2, we have that jfifj G for 
sufficiently large numbers j. By definition, we have j^h^ G fi^- for sufficiently 
large numbers j. Since Qk(wj) ~ QkUohj), it follows from [371 Theorem 2.1] that 
G for sufficiently large numbers j. This is a contradiction. □ 

Lemma 5.3. If two map germs f\, fi : (R" l ,0) — > (R 9 ,0) are K- equivalent, then 
the Boardman symbols ofj^fi and J0/2 are the same. Consequently, the Boardman 
manifold E 7 (m, q) is invariant with respect to the action of /C. 

Proof. By 35] there exist a germ of a diffeomorphism h : (IR™ 1 ,0) — > (R m ,0) and 
a smooth map germ M : (M m ,0) -> GL(q) such that M(x)/i(/i(x)) = / 2 (x). Let 
/i(x) = (/l(x),-- - ,P q (x)) with /j G C m /n& +1 (i = 1,2). Let a(/<) denote the 
ideal of C m /m^ +1 generated by /j, • • • , /*. Let /i, : C^/m^ 1 -> C m /m^ +1 be the 
isomorphism defined by = (f> o h. Then we have = 3(/2)- The 

Boardman symbols of j'q (i = 1, 2) are determined by and are the same by 

[35] • This proves the assertion. □ 

Lemma 5.4. If I is a Boardman symbol such that is nonempty, then 

H, 1 (n + l,p+ 1) is ifte union of all IC-orbits K.(i+\{z)) for z G f2 7 (n,p). 

Proof. Let / = i2> * * *)• Since is nonempty, we have i\ ^ n. Let 

?« G f2 7 (n + 1, p + 1), whose Boardman symbol is J ^ I. Since ji ^ i\ ^ n, it 
follows from Lemma 5.1 that there exists a z G il / (n,p) such that w G /C(z+i(z)). 

Conversely, let z G f2 J (n,p) with Boardman symbol K ^ I. Since the Boardman 
symbol of i + \{z) is obviously equal to K, we have i+i(z) G r2 7 (n + l,p + 1). This 
shows the assertion. □ 
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6. Preliminaries for Theorem 1.2 

We prepare lemmas and propositions for the proof of Theorem 1.2. 

Let ej = (0, • • • , 0, 1, 0, • • • , 0) with 1 being the z-th component. Let pr p+ i : 
W +1 — > R be the projection mapping (xi, ■ ■ ■ , x p+ i) to x p+ i. Let 7rf : J k (n,p) — > 
J 1 (n,p) be the canonical forgetting projection. 

Let if be a finite simplicial complex and L be its subcomplex such that if \L is 
a manifold and dimi < dim if. 

Lemma 6.1. Let Q,(n,p) be a IC-invariant open subset of J k (n,p). Let {K,L) 
be given as above and dim if < p. Let ip : (K,L) — > (f2j^, ^ e a 

map smc/i t/ioi ^>|(if\.L) is smooth. Then there exists a homotopy ip\ : (K,L) — > 
(Q^,i+i(Q(n,p))) such that 
(i) Vo = "0, 

fmj pr p+ i(7rf o ^i(u)(xi, • • • ,x n+ i)) = x n+1 for any uE K. 

Proof. Let us define e : if -> by e(u) = (tt^ o V(w))(e n+ i). Since ip(L) C 

i+i(f2(n,p)), we have that, for any u G £, e(u) = e p +i. Consider the fiber bundle 
5 RP +i : J k (n + l,p+ 1) ->■ R p+1 defined by RP +i(jo/) = jo/(e„+i). Since dim if < 
p, if\Z/ is a manifold, ip\(K\L) is smooth and since fi^ is an open subset, it follows 
from the transversality theorem and the covering homotopy property of RP +i that 
there exists a homotopy ip\ : if — > J k (n + l,p + 1) relative to L with <p = such 
that 

(6.1-i) the deformation u\ = RP +i o <^ a of e with u = e satisfies that Ui does 
not take the value of any non-positive multiple of e p+ i and 
(6.1-ii) (p\(K) C Oj^- for any A. 

In the following an element of GL(m) is regarded as a linear isomorphism of 
R m and E m is the unit matrix of degree m. Let h\ : (if, L) — > (GL(p +1), -Ep+i) 
be the homotopy defined by /i A (u) = ((1 — A) + A/||ui(u)||)i?p + i. It follows from 
(6.1-i) that h{(u)(\ii(u)) G S p and /iJ(m)(ui(u)) ^ — e p+ i for any m G if. By 
considering the rotation which is the identity on all points orthogonal to both Ui (u) 
and e p+ i and rotates the great circle through \i\{u) and e p+ i so as to carry Ui(u) 
to e p +i along the shorter way (when Ui(u) = e p +i, we consider E p+ i), we have the 
homotopy h\ : (K,L) — ► (SO(p + l),E p+ i) relative to L such that — E p+ \ 

and h\(u)oh\(u)(\ii(u)) = e p+ i for any u G if . Let h\ : (if, L) — > (GL(p+l), E p+ i) 
be the homotopy defined by h\ = h\ x for ^ A ^ 1/2 and h\ = h\ x _ 1 o h\ for 
1/2 ^ A ^ 1. Define k p+1 : if -> J^n + 1, 1) by 

Kp+l(ti) = PVK 7Ti(j fe (/li(M)) °<fi(u)). 

Since k p+ i(w) is of rank 1 for any u G if, we have the unique vector G M™ +1 

of length 1 such that V(u) is perpendicular to Ker(n p+ i(u)) and k p +i(u)(V(u)) is 
positive. Namely, /ii(u) o n k (ipi(u))(V(u)) is directed to the same orientation of 
e p+ i. Since K p+ i(u)(e n+ i) = 1, V(u) cannot be equal to — e n+ i. 

We set v(u) — n p+ i(u)(V(u)) > 0. By considering the rotation which is the 
identity on all points orthogonal to both V(u) and e n+ i and rotates the great circle 
through V(u) and e n+ i so as to carry e n +i to V{u) along the shorter way, we 
again have the homotopy H\ : (K,L) — > (SO(n + l),E n+ i) relative to L such 
that H&(u) = E n+1 and H{(u)(e n+1 ) = V(u) for any u G if. Let H\ : (if, L) -> 
(GL(n + l),E n+ i) be the homotopy relative to L defined by H\{u) = ((1 — A) + 
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X/v(u))E n+ i. Let H\ : (K,L) — ► (GL(n + l),E n+ \) be the homotopy defined by 
H x (u) = H\ x (u) for ^ A ^ 1/2 and H x (u) = i?f A _i(") H l( u ) for 1/2 ^ A ^ 1. 
Then we have that for any u e K, 

k p+ i(u) o Hi(u)(e n+1 ) = k p+ i(u) o Hf(u) o Hl(u)(e n+1 ) 

= K p+1 (u)oHf(u)(V(u)) 

= k p+ i(u)(V(u))/v(u) 

= 1. 

Since H\(u) 6 50(n + 1) and is orthogonal to e n+ i (i < n + 1), iJj L (u)(e i ) 
is orthogonal to if* (tt)(e„ + i) = V(u). Namely, H\(u)(ei) lies in Ker(«; p+ i(u)). 
Hence, we have 

o Hi(u)(ei) = for « < n + 1. 

Define the homotopy ^A : (f^ — > (fyo *+i(^( rl >P)) relative to f by 

f forO^A^l/3, 
= { h 3X -i(u) o ^i(u) for 1/3 ^ A ^ 2/3, 

[ o <^(u) o H 3 x- 2 (u) for 2/3 ^ A ^ 1. 

By the definition we have 

k i , r n n / x I for i < n + 1 , 



pr p+1 o 7 r 1 (Vi(n))(e i )- , j fori = n+L 
This is what we want. □ 

Proposition 6.2. Under the same assumption of Lemma 6.1, we have a homotopy 
*a : {K,L) -> (Ctl-,i + i(Q,(n,p))) such that 

(i) *o = V>, 

(ii) *x\L = i>\L, 

(m) c i+i(fi(n,p)). 

Proof. Let Va be the homotopy given in Lemma 6.1. Let us express ij)\(u) = 
(f{-(u), fx(u), • • • , /a +1 ( m )) using the coordinates of R p+1 , where f{(u) is regarded 
as a polynomial of degree at most k with constant 0. We note that 

/i +1 ( u ) i x i > ■ ■ ■ ) ^n+i ) = in+i + higher term. 

Let Diff(M n+1 , 0) be the space of all germs of local diffeomorphisms of (M™ +1 ,0). 
Let us define a homotopy of maps $a : (K,L) — > (Diff(K" +1 , 0), id^n+i >0 )) by 

®\(u){xi,--- ,x n +i) = (x!,--- ,x n+1 + A(/f +1 (?i) -a;„+i)). 

It is obvious that &x{u) is a germ of a diffeomorphism of (]R n+1 , 0). Then we have 
the inverse <&a(u) _1 such that 

(6.1) Wp+\ V'i(w) ° <&i(u) _1 (a;i, ■ ■ ■ ,a;„+i) = x n+ \. 
We now define cj>\ : (K,L) — » (Q^-, i + i(0(n,p))) by 

= V'l o j*($ A (u) _1 ). 

In order to exclude the terms containing x n +\ from i/jo^ (1 ^ j ^ p) we define 
the homotopy rjx : (K,L) — > (J k (n+ l,p+ l),i +1 ( J k (n,p))) by 

7?A = (1 - A)0i(w)(a;i, • • • ,a;„ + i) 

(6.2) +A(0i(«)(a:i,"- , ar n , 0) + (0, • • • ,0,x n+1 )). 
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It is obvious that rj\{K) C i+i(f2(n, p)) and that rj\\L = ip\L. It remains to prove 
that n\ is a homotopy to fij^. It follows from (6.1) and (6.2) that 

pr p+ i o r)\(u)(x) = (1 - A)(x„ + i) + Aa;„ + i = a;„ + i. 

Let us express r]x(u) — (g\(u) , g\{u) , • • • , <?^ +1 (u)), where <7 a (m) is regarded as a 
polynomial of degree at most k with constant 0. Consider the ideal 3\(u) generated 
by g\(u) , g\(u) , ■ ■ ■ ,g^ +1 (u) in m n +i/tu n t^. Then J a (it) is constantly equal to 
3o(u), and hence Q(t]\(u)) « Q(V'i( u ))- Since ipi(u) E f^, we have t?a(w) E f2j^ 
by [37] . Then the required homotopy \&a is defined by SS?\ = ?/>3A (0 ^ A ^ 1/3), 
*a = fax-i (1/3 g A ^ 2/3) and * A = %A-2 (2/3 £ A £ 1). □ 

Proposition 6.3. Le£ fi(n,p) &e a IC-invariant open subset of J k (n,p). Then 
i + i : Cl(n,p) — ► f2j^ is a homotopy (p — 1) -equivalence. 

Proof. Let t n denote a jet of Cl(n,p) and = We first prove that 

(i+i)* : 7Tj(n(n,p)) — > 7Ti(f2^) is surjective for ^ i ^ p— 1. Indeed, let [a] E 7Ti(0£-) 
be represented by a : (S l ,ei) — ► (0^-,t n +i). Then by Proposition 6.2 we have a 
homotopy Lp\ : (S l ,ei) — » (Oj^,t„ + i) such that ifii(S l ) E j+i(f2(n,p)). 

Next let ^ i < p — 1. Let [6] E 7Ti(0(n,p)) be represented by b : (S^ei) — » 
(Q(n,p),i„) such that (i + i)*([fe]) = 0. Then we have a homotopy Lp : S l x [0, 1] — » 
(rij^,t„+i) such that <p\S 2 x = i+i o & under the identification S' = S 1 x and 
(f(ei x [0, lJUS" 1 x 1) = i n+1 . It follows from Proposition 6.2 that since i+1 < p, there 
exists a homotopy <J> A : (S 2 x [0, 1], 5* x OUei x [0,1] US' 1 x 1) -> i + i(0(n,p))) 
relative to 5'xOUe^ [0, 1] U S i x 1 such that ^(S* x [0, 1]) E i + i(fi(n,p)). This 
proves the injectivity of (t+i)* : 7r,(f2(n,p)) — ► 7r,(0^). □ 



7. Proof of Theorem 1.2 

Let A m ^ q express G m , q or G m , q . Let «A m+r : A m>q — > A m+riq denote the injection 
mapping an m-plane a to the (to + r)-plane including a and the canonical vectors 
e q+m+ i, ■ ■ ■ ,e g+m+r in R«+ m + r . We use the notation = n K (i£™ m ,TP®e^). 

Lemma 7.1. The is a homotopy m-equivalence. 

Proof. We only prove the unoriented case. The proof in the oriented case is similar. 
Let us consider the diagram with the canonical maps as described 

A m ^ q 0(q + to + r) /O(q) x 0(m) x E r 

iA m+r i Pi/ I Pi 

A m + rA 0(q + m + r)/0(q + m) x E r , 

where po is induced from the inclusion R q+m — R q+m x0^ R9+ m + r an( j p 1 anc [ p 2 
are induced from the inclusions O(q) xO(m) — > 0(g+m) and O(to) x — > 0(rn+r) 
respectively. Since A m ^ q is a fiber of the fiber bundle pi, po is a homotopy (g+m— 1)- 
equivalence. Since /?2 is a homotopy m-equivalence, iA m+T is also a homotopy in- 
equivalence. □ 

In the following lemma p is not necessarily larger than n. 

Lemma 7.2. Let Cl(n,p) be a IC-invariant open subset of J k (n,p). Then the fiber 
map A*^'^) : fl — ► is a homotopy min{n,p — 1} -equivalence. 
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Proof. Consider the commutative diagram 

— > Wi(Q(n,p)) % TTi(fl) — > n(G n j x P) — > 

which is induced from the homomorphisms (A^' *^), of the exact sequence of the 
homotopy groups for the fiber bundle Jl over G n ,i x P to that for the fiber bundle 
fij^ over G n +\ i x P. Then it follows from Lemma 7.1 for (i G )» and Proposition 6.3 
that if ^ i < min{n,p— 1}, then (A^' ^)* : —> 7r,(n^) is an isomorphism 

by the five lemma and if i = min{ra, p— 1}, then it is an epimorphism by [131 Lemma 
3.2]. □ 

We are now ready to prove Theorem 1.2. 

Proof of Theorem 1.2. We only prove the unoriented case. In the oriented case we 
only need the Thorn Isomorphism Theorem under the coefficient group Z. It follows 
from Lemma 7.2 and the Whitehead theorem ( |48l Section 5, 9 Theorem]) that 

(A(°' n *>), : Hi(fi) -> fli(nj;) 

is an isomorphism for ^ i < n and an epimorphism for i = n. 

Let £ ^> n,p. By virtue of the Thorn Isomorphism Theorem, we have that 

T(b(7)W)* : ff i+ / (T(^);Z/(2)) — > (T(^ fe );Z/(2)) 

is an isomorphism for —£ ^ i < n and an epimorphism for i = n. 

Let C denote the Serre class of finite groups of orders prime to two. Then it 
follows from [45j Proposition 2, p. 277] that 

(7.1) T(b( 7 )(^))* : H i+l (T(t&);Z) — (t( 7 ^);Z) 

is a C-isomorphism for — ^ i < n and a C-epimorphism for i = n. By the White- 
head theorem modulo C ([151 Theorem 3, p. 276]), 

T(b(7) (n ' nK) )* : tt 1+ , (T(7&)) — > 7r i+ , (t( 7 ^)) 

is a C-isomorphism for —£ ^ i < n and a C-epimorphism for i = n. 

Let (respectively Ot^i ) denote the cobordism group of smooth maps s of 

closed i-manifolds M to $7 (respectively fl^) under the corresponding cobordism 
of smooth maps such that there exists a bundle map of the stable ^-dimensional 
normal bundle vm to 7^ (respectively 7^1 ) covering s. It follows from the standard 

argument in the cobordism theory (see, for example, 50] ) that 

W n tt ir i+t (T(Y n )) and « tt 1+ , (t( 7 ^)) . 

Consequently, any element of 7r i+ £ (P(7n)) and 7r i+ £ ( ^(tq 1 )) 1S °^ or d er two. This 
together with (7.1) proves Theorem 1.2. □ 

By Lemmas 5.2 and 5.4 it will be easy to see inductively that ttjc (n + m,p + m) 
is the subset of J k (n + m,p + m) which consists of all /C-orbits /C(i+i(z)) for fc-jets 
z € fl/c(n + m— l,p + m— 1) for m > 1 and that if Cl(n,p) = jV(n,p) 7^ 0, then we 
have SI 1 (n + m,p + m) = fl/c(n + m,p + m). By using the map J k (n + m,p + m) — > 
J fe (n + to + g,p + m + q) sending a jet j*f to J* (/ x ^bOj we have the canonical 
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map ft]!? — > £lfc +q - This induces the canonical bundle map b(7)( n * > a K +q ) : ^ — > 
7' + , and the associated map T(b(j)( n Z^ +q )) : T(% m ) -> T{¥ m+q ). Let 
denote an integer such that 9 — 1 when n < p and = n + 2 — p when n^Lp^L 2. 

Proposition 7.3. Lef 6e tfte integer as above. Then the homomorphism 
lim tt„ +£ (t(t* { , )) — > lim n n+e (t(t* 9+ ,)) 

^— >00 V K / ^— >00 V 5i c / 

induced from the above map T(b( 7 )^ 1 > c,sl 'c + ' ! )) i s an isomorphism for q ^ 0. 



Proof. We only prove the unoriented case. The proof proceeds as in the Proof of 
Theorem 1.2. By the iterated use of Lemma 7.2, we have that T(b( 7 )(^V *)) 
is a homotopy min{n + 6,p + 9 — Inequivalence, and hence, a homotopy (n + 1)- 
equivalence. Therefore, 

(T(b(7)< n - n « + '>)), : F,(n') — 

is an isomorphism for ^ i ^ n and and an epimorphism for i = n + 1. By the 
argument similar to that in the Proof of Theorem 1.2, we have that 

(7.2) (T(b(7)^' n ^))* : n i+ e (W^)) — 7r i+/ 

is a C-isomorphism for —£ ^ i ^ n and a C-epimorphism for i = n + 1 . Since any 
element of the groups in (7.2) is of order two, we obtain the proposition. □ 

8. Classifying space 

In this section we will induce the classifying space Bq in Theorem 1.3. 

We consider the vector bundle J fe ( 7 g + ™ ,R p+m ) with the projection 
onto G n+m := G n+m x {a point} and the open subbundle ^K{la^ m > ^ p+m ) °f 
J fc (7g+™ m ,R p+m ) associated to W£, where RP+ m is regarded as a vector bundle 

over a point. As in Section 3, the spaces {T((ttq )*(^q )\n K )}e constitute a spec- 
trum. 

Let x denote any integer with n ^ p + 3. Let £ ^> n,p, x. We set G n+ g +>t = 
A n +e+>c.t+p- Let P be embedded in W p+>< . Let x G G n +e 7 y G P and (^p) y be 
the orthogonal complement of T y P in Let c : G„ + e x P — > G„ + e+^ denote 

the map such that c(x,y) is the (n + + ^)-subspace x © (^p)y in R"+ e +^+^+P. 
Let c : TtQ n+e {lot+e ) ® "pO'p) ~ * ^fat+e+l ^ e tne bundle ma P which is canonically 
induced to cover the classifying map c. 

Let J fe ( 7 n+e v, TP © e P © u P ) denote 

Horn ^©^(^,(73^) © *p{vp))^p{TP © 4 © ^ 
and define the fiber map 

(8.1) J k (j£ e +e ,TP ® e e P ) ^ J k {~f n+e (5 u,TP ® e e P ® up) 

over G n+0 x P by mapping j£a e ^(73+^, TP e p ) to j ( fc Xiy) (a x id ( „ p)s ). We 
also obtain the bundle map 

(8.2) J fc ( 7 "+ e © u, TP © 4 © i/ P ) — » J fe ( 7 £+ + e +* , TP © 4 © i/p) 
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covering (c, irp) : G n +e x P — > Grn+e+jt x P which is canonically induced from 
the bundle map c and id TP(Se e p9vp . It follows from Lemma 7.1 that (c,irp) is a 
homotopy (n + #)-equivalence. The composite of the maps in (8.1) and (8.2) on the 
fibers over (x,y) and (c(x,y),y) induces a map 

n K ((Y£ e +g ) x ,T y P®e e y ) n K ((^+ + "J c{x , y) ,T y P®s y © (i/ P ) B ), 

which is a homotopy (n + l)-equivalence by the iterated use of Proposition 6.3 
and G n+ e x P — > G Il+ e + ^ x P is a homotopy (n + #)-equivalence by Lemma 7.1. 
Consequently we obtain the fiber map 

(8.3) j Q)c : K (7g:^,TP © 4) — ^ (iS^ , TP © 4 © 

covering (c, 7Tp), which is also a homotopy (n + l)-equivalence. 
Trivialization TP © vp — > e p + ^ induces the bundle isomorphism 

jfc (C++: > tp @e P @ vp) > j fc ( 7 s: + 9 +: , R p+e+ ~) x p 

over G n+ g +>c x P, where W +B+ * is regarded as the trivial vector bundle over a 
point. Let £l K ,("il+ + +^,W +6+ ") be the open subbundlc associated to 9?+*. Then 
we have the bundle map 

(8.4) k f2K : SM 7 £ n +? e + + - , TP © 4 © VP ) — fi K ( 7 ^ + 8 +:, M p+e+ -) x P 

over G„ + 0+>r x P. In the following we identify the two spaces in (8.4). Thus we 
have the following lemma. 

Lemma 8.1. The fiber map kn K o j 0)c covering (c,np) is a homotopy (n + 1)- 
equivalence. 

Let 7r& ■ J k (lGt+eZ' W: ' +9+ ^ ~" G„ +e+>r be the canonical projection. 

Let B(^ p ,i/ P )n K xP denote the vector bundle over 9. K (^+ e + +^,W+ 6+>t ) x P 
defined by 



This satisfies 
Let 

b k!2(C o jn)c : (^„ + J*(7S„ + J©(4)*(^)l^( 7c ^, RP+ «) 



r(B(t: 8+ ^p)n K xp) = r(« + . + J*(7g;^ + Jl njc(7 » + . + - , p+ ^,)a%). 



be the bundle map covering kn K o j 0)c mapping (7St +e )x ® T v P to ((^St+J^ ® 
(kp^) -1 , where _L denotes the orthogonal complement. This induces a bundle map 

B:((4 n+ jn7S n+ J®(4)*(rP©^))| n)c(7S ^ iTPe£?s) 

covering 

k f2K oj 0c : 0^(73+^, tp©4) - n^+^w+ e +n x P, 

which is a bundle map over P and is a homotopy (n + Inequivalence. 
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Let X and Y be connected polyhedra with base points respectively. Let {X; Y} 
denote the set of S'-homotopy classes of S-maps. Let G n +e+>t = as in 

Introduction. 

Proposition 8.2. Let Q(n,p) denote a nonempty IC-invariant open subset. Then 
there exists an isomorphism 

w„ + , (n7^ (7s::e , rFffi4) ) 

lim7r„ +£+>f (T((7r& )*(^ )| n ( n+e+~ A T(v P ) ) 

Proof. Setting Vl 6 K = ft^g+^TP © e 6 P ), we have that 
(8-5) ^(T(7^))«{^;T(7^)} 

« {5"+^+-;T(7^ e (4)*(TP8 ^)| n ^)}. 

By Lemma 8.1 and an argument as in the proof of Theorem 1.2 using the Thorn 
isomorphism Theorem, the associated map T(B) induces the isomorphism between 
the last group in (8.5) and {S n+l+p+ *]T{B{^ p +e+>c , v P )n KxP )}. Furthermore, we 
have that 

(8.6) {S n+l+ ^-T{B{^ e+ ^ P )^ xP )} 

« { ^ + ^ ;T(( 4 )*(^ )| )AT(^)}. 

This proves the proposition. □ 

In the rest of this section we work in the oriented case and P should be connected 
and oriented. Let P° be the union of P and the base point. Consider the duality 
map T(v P ) A S l (P°) -> S p+>c+t in g7]. If P is connected in addition, then the last 
group in (8.6) in the oriented case is isomorphic to 
(8.7) 

{^ + -A5*(P°);T((4 )*(7| n+9+ ^)| nK(7 n +e+ , ^A^}. 

Take a representative map a in a homotopy class in (8.7) and consider the cor- 
respondence of a point y in P to a map a\(S n+e+3<+t A {y,base point}). It is not 
difficult to see that the set of S'-homotopy classes in (8.7) is bijective to the following 
sets of homotopy classes 

[P,C°(^^,T((4 )*( 7 | )| nK ^)Afl^)] 

« [P,C°(5^-,T((4 )*( 7 1 )| Qk ^ +e+ , ) ))]. 
Setting 
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we define the classifying space Bo — lim^-too Bq as in Introduction. We have the 
following proposition. 

Proposition 8.3. Let Q(n,p) be as in Proposition 8.2. Let P be a closed connected 
and oriented p- dimensional manifold. Then there exists an isomorphism 

— ► [P,Bo]. 



9. Proof of Theorem 1.3 

The development of the h-principles has been described in detail in [24]. We 
only refer to the Smale-Hirsch Immersion Theorem ([46], [2S]), the Feit fc-mersion 
Theorem ([22]) and the general theorems due to Gromov[2"3] and du Plessis ([IB]. 
[17], [H]). In particular, du Plessis has proposed a nice condition called "extensi- 
bility" under which the h-principle holds for f2 7 -regular maps or smooth maps with 
only /C-simple singularities. However, this extensibility condition is not so effective 
in the dimensions n ^ p. On the other hand, Eliasberg ([20], [21]) has proved the 
famous h-principle on the 1-jet level for sections s : N — > ^(N, P) which have a 
given fold map / defined around s-^S^iV, P)) such that {j 2 fo)- 1 ^ 1 ' ^, P)) = 
s~ 1 (T, 1 (N, P)) and the fold singularities of any semi-index of fo are not empty. 

In order to prove Theorem 1.3 by applying Theorems 1.1 and 1.2 we have to 
show that the assumption concerning h-principles is satisfied in the situation of 
Theorem 1.3. We have proved the h-principle in (h-P) for fold-maps in [3] and [6]. 
Recently we have introduced a very effective condition for the h-principle in (h-P) 
in [9]. As an application we can prove the following theorem by using [9] (see a 
proof in [10J ) . Let k 3> n,p as in Introduction. 

Theorem 9.1. Let n<porn^p^2. Let tt(n,p) denote a IC-invariant open 
subspace in J k (n,p) such that when n ^ p ^ 2, £l(n,p) contains Y, n ~ p+1,0 (n,p) at 
least. Then the h-principle in (h-P) holds for Q(n,p). 

In particular, we show the following examples of Q(n,p): 

(i) fi / (n,p) such that when n ^ p ^ 2, I > (n - p + 1, 0) ([8]), 

(ii) an open subspace consisting of all regular fc-jets and a finite number of JC- 
orbits of /C-simple singularities such that when n ^ p ^ 2, it contains all fold jets 
in addition ([9]). 

If f2*(n+l,p+l) = f^, then we write £(n, P; f2) simply in place of £(n, P; ft, ft/c) 
in the following. We have the following corollary of Theorems 1.1, 1.2 and 9.1. 

Corollary 9.2. Let n < p. Let D,(n,p) and be the IC-invariant open subsets 
given in Theorem 1.2. Let P be a p- dimensional manifold. Then the homomorphism 

u : C(n,P; fi) — ► Um n n+e (t^L)) 

is an isomorphism. 

If we apply Theorem 9.1 to [121 Theorem 9.2], then under the same assumption 
of Theorem 1.3, there exists an isomorphism of 

(9.1) £(n,P;Q) — > lim n n+e (p(7o™)) 
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for a sufficiently large integer m also in the dimensions n ^ p ^ 2 as well as n < p. 
This isomorphism is nothing but the composite of uj and the map 



lim 



which is induced by T(b(7)( n K> n K;)). 

We are now ready to prove Theorem 1.3. 

Proof of Theorem 1.3. If n < p, then we have 

0(n,P;n)« lim 7r„+, (t^L)' 

by Corollary 9.2. If n ^ p ^ 2, then the homomorphisms 

(9.2) (T(b(7)« + ^^ +, >))* : tt„ + , (TC&j^)) — tt„ + , (t(^ 

are isomorphisms for integers g ^ by Proposition 7.3. By Propositions 8.2, 8.3 
and (9.1) D(n,P;fl) is isomorphic to [P.Bq]. This completes the proof. □ 

Corollary 9.3. Under the same assumption of Theorem 1.3, D(n, P;Q) ® (Q) is 
isomorphic to H n {Vlfc(^f 1 Q' +>e ,M p+e+ * : ) x P; Q) m i/ie dimensions n < p and n ^ 
p ^ 2. 

Here, let us see a relationship between the space Bo, the Thorn- Atiyah duality 
in bordism and cobordism and the spaces introduced by Kazarian(PT| and [3"2"|). 
Let us recall the n-dimensional oriented bordism group fl n (P) of maps to P and the 
Thorn- Atiyah duality, ir n+l {MSO(£) A P°) « [P, Q e MSO(£ + p - n)} (see QI] and 
[T5"l Chap. I, 12 ]), where MSO denotes the Thorn space of the universal bundle 
7 over BSO and Sl e X denotes the ^-th iterated loop space. We have the following 
commutative diagram under the notation in (8.5) (t 3> n,p), although we do not 
give a proof of the commutativity: 
(9.3) 

D(n,P;fi) — ► O n (P) 

Inr° (T(b(7)(°^-))) (C tt„ + , (T(7^))) i« 

7r n+ « +p+x (T(7^) AS^(P )) — > 7r„ + f +p+ ^(MS'0(i?) A 5 P+ ^(P )) 

[p,p D ] — ► [p,n e+n -pMSO(i)], 

where 

(1) nfc = n K (^ +1 ,tp©4) and n 2 K = n^f 8 ^ ,w?+ s +*), 

(2) the second and the bottom horizontal homomorphisms arc induced from the 
canonical projections 

n K {i~ +e+>c ,W+ e+ ") c J fe (7~ +e+ " ,R p+e+J< ) — > G n+fl+Xl * c BSO(*), 

(3) the left vertical map is an isomorphism by Theorem 1.2, (9.1), Propositions 
8.2 and 8.3 for n < p and n ^ p ^ 2. 

According to [3T] and [3H 2.18 Corollary and 2.8 Example], let us consider 
the subspace Q e+n - p MSO(£) n{n<p) in Q e+n -PMSO{£) which consists of all maps 
a : S i+n - p -> MSO(£) such that a is smooth around a _1 (BSO(^)) and that for 
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any point x G a 1 {BSO(£)) with a(x) = y, the fc-jet of the composite of a : 
(S e+n -P,x) -> (MSO(£),y) and a projection germ of (MSO(£),y) to the fiber 
(7j,,y) lies in Vtfc(S l+n ~ p , j y ) associated to Vt(n,p). Then the cobordism class 
represented by an f2-regular map is mapped to the homotopy class represented by 
a map P -»• fl e+n -PMSO(£) n{n , p) in (9.3), whose corresponding map S e+n ~ p x P -> 
MSO(£) is transverse to BSO{£). 



10. Fold-maps 

Let m ^ g. Let V^°™ denote the Stiefel manifold x 0(m — q))\0(m) under 
the canonical bases of K m and E 9 , whose element is regarded as an epimorphism 
M. m — > R 9 or a regular q x m-matrix in the following. Let £ — > X and J 7 — > F 
be vector bundles of dimensions to and g with metrics respectively. Let V(£, T) 
denote the subbundle of Hom(£, J 7 ) associated to V™™. Let ir^ : V(£,J-) — > X 
and 7Ty : V(£, J 7 ) — » Y be the canonical projections respectively. 

We have the actions of 0(q) x 0(m) on V^ ^ from the left-hand side through 
0(g) and from the right-hand side through 0(rn) x 1 respectively. The group 
0(q) x 0{m) also naturally acts on f2 m— 9+1,0 (m, q). In [H Theorem 2.6] we have 
described the homotopy type of O m_9+1,0 (m, q) in terms of orthogonal groups and 
Stiefel manifolds, and have given a topological embedding 

*v,n = V,h 9 : V™ hq ^™-^<°(m,q), 

which is equivariant with respect to the actions of 0(q) x O(m). Furthermore, if 
to — q + 1 is odd, then there exists an equivariant map 

Rn,v = ■■ fr»-« +1 -V,9HC7i, 9 

such that Rn.v °iv.n is the identity of q . In particular, we note that if to = g, 
then iya o Ray is a deformation retraction of f2 m ~ 9+1,0 (TO, q). 

If i+iO'o/) were defined by i+iC?o/) = Jo(^R x /)> then the following technical 
modification of iy.si and i?o.v followed by Lemma 10.1 is unnecessary. Let ft, t : 
M — > H. be the map reversing the order of coordinates as ht(x±, X2, ■ • • , Xt—i, x t ) = 
(x u x t -i, ■ ■ ■ ,x 2 ,x t -i). Define i v<n = W,n ■ q ^Q m - q+1 '° (m, q) and m Q .v = 

m™ :v :n m -i+^(m,q)^V^ hq by 

Wm( a ) = i v!n( Ah m+i) ■ h m and Wfifitiof) = R nytio(f h m ))h m+1 . 

It will be easy to see y o i™'^ = idy™* . Let i +1 : J k (n 7 p) — > J fe (n + l,p + 1) 
denote the map defined by Z+ 1 (j fe /) =i(^x/). Let j+\ j+x ■ V^ P - Kh-2, p +i 
denote the map defined by j +1 ( A) = (1) + j4 and j+i(A) = A +(1), where + denotes 
the direct sum of matrices. We consider the action of 0(p) x 0(n) on _ by 
(5,T) -4= S , A((1) + T- 1 ) for 5 € 0(p) and T e 0(n). 

Lemma 10.1. Under the above notation, we have that i v ' q and St^' y are equivari- 
ant with respect to the actions of 0(p) x O(n) and £/ia£ 

P+1 (Hi(Jo 2 (/))) = Ui&tfvVof)) a ^ ^^W^)) = M^W)- 
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Proof. For A e V„+I p , S G 0(p) and T e 0(n), we have that 
i^ n ((S ) T- 1 ).A)=i^ n (^((l)+T))) 

= *^(Si4((l)+T)/i n+ i)-ft n 

= S ■ i r p p n (Ah n+1 h n+1 ({l) + T)h n+1 ) ■ h n 

= S-fy p l {Ah n+1 {h n Th n + {l)))-h n 

= S ■ i^ p n (Ah n+1 ) ■ (h n Th n h n ) 

= S-(i% p n (Ah n+1 )-h n )-T 

= (S,T-i).i^(A), 

m n ^ v (S, T" 1 ) ■ (j 2 /)) = <H£f v (S • (Jo 2 /) • T) 

= i?^(5-( Jo 2 (/).T).MK + i 
= SR% p v (j%(f) ■ {h n h n )T ■ h n )h n+1 
= SR"i P v (f (f) ■ K ■ (h n Th n ))h n+1 
= SR% P v (ti(f ° h n ))(h n Th n + (l))h n+1 
= SR^ p v (jo(f ° h n ))h n+1 h n+1 (h n Th n + (l))/i„+i 
= 5 J R^(j 2 (/o/ l „))/ ln+1 ((l)+T) 
= (5,T- 1 ).^(j 2 /). 
By the definition of iy,n and i?n,y we have that 
^' P+1 Oo(^ R x /)) = i +1 (i?^(i 2 /)) and i n v ^ p+ \j + \A)) = l + \e v %{A)). 
Therefore, we have that 

Ktv P+1 (hi(jo(f)) = R^' p+1 (h p+1 h p+1 • j 2 ((/ x zd R ) • / l „ +1 ))/i„ +2 
= ^ay^^p+i ' io( irf R x {K ° / ° K)))K+2 
= h p +d +1 Ra P v(jo( h p °f° K))K+2 
= ( h P R Q P vUo( h P °f° h n ))K+i) + (1) 
= (R% p v (j 2 o(foh n ))h n+1 ) + (l) 

= i+i(^(io 2 (/)) 

and other formula is similarly proved. □ 

If we provide Jq and with metrics, then the structure group of J 2 (jq © 
e x Gm ,T) is reduced to 0(q) xO(m). Let £1 = fi m " 9+1 '°(7^, J 7 ). Let iy,a(7^ m ,^) : 

^(7c ro © e G m ^) -» n and %i,v(7G m .^) : ° ^ ^(TgI © e G m > ^) bc th e nber 

maps associated to iy,n an( l ^o.v respectively. Then 

(10-i) the fiber map W,n(jG m ^) ^ s a topological embedding, 

(10-ii) if m — q + 1 is odd, then the composition 9 I ln,v r (7gL > •^ r ) ° ^,o(7g > •?"") ^ 

the identity of ^(7^ © e Gm , T) . 

Let 7y denote the vector bundle induced from 7^ over V{^q ®£q We note 

7^ = (5Ho,y(7G m i-^ r ))*7y- Then we have the bundle maps : 7^ — > 7y and b t : 
7y — > 7^2 covering ^n,y(7G m )^ 7 ) an d V,n(7c m i •^ r ) respectively. Their associated 



COBORDISMS OF MAPS 



23 



maps T(bgn) and T'(bi) between the Thorn spaces satisfies that T(bsn) o T(bi) is 
equal to the identity of T(7 y ). 

Let v A : V^+i )P — ► V£+2 )P+1 denote the map sending an epimorphism A g V£+J )P 
to the direct sum A + (1) of matrices A and (1). Set 

Vn+i = V(H n Gn © 4 n ,rP), Vn+2 = VfrZ+l © e 1 Gn+1 ,TP © 4), 

Let i G denote the canonical classifying map G n — > G n +i of © £g . Let : 
V^+i — > T4 + 2 denote the fiber map associated to v A covering (i G ,7Tp). Let il = 
£l n ~ p+1 <°. If n — p + 1 is odd, then we have the commutative diagram 

ft"-P +1 > ( 7 g n ,TP) A< "'" K:> i O"-P+ 1 ' ( 7 g+i i ,TPffi£i 3 ) 



1 (7Sii 1 .rPe e J.) 



Ki+l > Ki+2 

by Lemma 10.1, where the horizontal fiber maps cover (i G ,7Tp). 

Lemma 10.2. Let n—p+1 be odd. The fiber map V A is a homotopy n- equivalence. 

Proof. Since v A and (i G ,TTp) are homotopy n-equivalences, it follows that V A is a 
homotopy n-equivalence. □ 

We have the bundle map by : Jy n+1 — * 7y„ +2 covering V A and its associated map 
T(b v ) between the Thorn spaces. Recalling the map T(b(7)( n ' n,c )) : T(%) — > 
T(7^ )C ) we obtain the following commutative diagram 

^(Tfa)) Itb^f^ ^(T^J) 

(10.1) 

7r™+£ (r(lv n+1 )) nhv) % ir n+i (T{% n+2 )^ , 

where the left vertical map and the right vertical maps are T(b«n)» for (n,p) and 
(n + l,p + 1) respectively. Let G„+2+^ = ^n+2+x^ as above. 

Proposition 10.3. Let n ^ p ^ 2 cmd £ ^> n,p. Let n — p+1 be odd. Let 
n = 0™-P+^ (7g n ,TP) and O k = n™~ p+1 '°(7g+| i , TP © ep) &e as a&oue. Then 
there exist homomorphisms 

toy : £(n,P;0"-f +1 ' ) — > tt ii+£ (T^j) , 
6y : tt„ +£ (T(7 y?i+2 )) — £(n,P; ft""^ 1 ' ) 

suc/i tfeat toy o i V is the identity of Tt n +£ (^(7y„ +2 )) • ^ n particular, if n = p, then 
ujy is an isomorphism. 

Proof, (i) In the diagram (10.1) it follows from the similar argument as in Proof 
of Theorem 1.2 that T(by)„ is an epimorphism. It follows from (10-i) and (10-ii) 
that T(b(R)» in the diagram (10.1) for (n,p) and (n + l,p+ 1) arc cpimorphisms. 
By Theorem 1.1 we obtain the required homomorphisms uy and ly. □ 
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Here, we prove the following refinement of [H Theorem 0.3]. This theorem should 
be compared with the results in [29] and [30] , 

Theorem 10.4. Under the assumption of Proposition 10.3 there exists a splitting 
epimorphism 

<£(n,P;fr- p+1 '°) - lim ( lim n n+ t + „ (W Gn _ p+1 ) A T(v P )j) . 
In particular, if n = p, then this is an isomorphism. 

Proof. The proof proceeds similarly as in the proof of Propositions 8.2 and 8.3 by 
replacing spaces f2x;(£, J 7 ) by V{£,f). We only prove the unoriented case. Define 
the fiber map 

(10.2) v n+ 2^V'(^+l i ®e 1 Gn+i ®up,TP®e 1 P ®u P ), 
where the last space is the subbundle of 

H ° m (*G» +1 (7Gt+ 1 © £ G„ +1 ) © k*p{vp),TP © e P © up) 

associated to V n +2+x,p+i+>c over G„+i x P and the map sends A £ {V n +2)(x.y) to 
A © id(y p \ . We have a bundle map 

(10.3) To n+1 (7S^ ©4„ +I ) e ttJCi/p) — 75!+^ 

covering a classifying map c + : G n +i xF^ G n +2+n (we may need to replace I with 
a bigger integer). We note that (c + ,np) : G n +i xP^ G n +2+x x P is a homotopy 
(n + l)-equivalence. By (10.2) and (10.3) we obtain a homotopy (n + l)-equivalent 
fiber map 

(10.4) K+2 — > ^( 7 g^+^ , TP © £p © i/p) 

covering (c + , np) : G n +i x P — > G„ +2 + x x P. The trivialization TP © z^p — > £p +; * 
induces the bundle map 

(10.5) n7S++£i' TP © 4 © ^) — > ^( 7 st+r«' MP+1+ ") x p 

over G rl+2+ >r x P. 

We denote, by V^-p+i^+i+j^, the space which consists of all triples (a, b, c) 
where a, 6 and c are mutually perpendicular subspaces in jj™+^+^+ 2 f dimensions 
n-p+ l,p+l + K and £ respectively with a © b © c = R»+^+*+2. Let 7^ +1+>< be 
the canonical vector bundle over V n —j>+i,p+i+n,i of dimension p + 1 + x. 

We denote an element of ^(7^+^, W +1+>< ) by (a, fo), where a € G„ +2 +>, and 
/i G ^((7g + +^ )«j K p+1+>t ), which is regarded as an epimorphism. Then (a, h) 
defines (Ker(h), Ker(/i) x , a ± ) in V n -p+i, P +i+x,e, which is the triple of the kernel 
of h, the orthogonal complement of Ker(/i) in a and the orthogonal complement 
a x . Let V(~$~ 1+3< ,W +1+le ) denote the principal bundle with fiber 0(p + 1 + x) 
associated to Hom(7y +1+ ^, M p+1+3< ). We have the canonical homeomorphism 

y(7g+2+^,RP+ 1+ ^) -> ^( 7 p +1+ ",]R p+1+ ") 

which maps (a,/i) to ft,|Ker(/i)- L : Ker(/i) ± -> KP+ 1+ ^ over (Ker(ft), Ker^)- 1 , or 1 ). 
Let /i denote the map 

M : V(7g££ ,M p+1+ ^) = F(7C- +1+ ^,KP+ 1+ -) — V n _ p+1)P+1+ ^ 
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defined by fi((a,h)) = (Ker(h), Kc^/i)- 1 , or 1 ). Let 

P : Ki-p+l,p+l+j<,£ — * G n -p+l,e+p+l + x 

be the map denned by p(a, 6, c) = a. Then p o p gives a fiber bundle. Since 
p- 1 (R n -P +1 x 0) is Gp+i+w for x R^+p+ 1 +^ ; we have that (pop)" 1 ^™"^ 1 x 0) 
is Ve +p+ i +>c ,p+i+x, namely 0(1 + p + 1 + x)/0(t). Hence, p o p is a homotopy 
^-equivalence. We note that 

(10.6) (p o pT(^+ll: +p+i+ J « ? ^ , RP+1+ , } © RP+1+ , r 

We have that tt„ + £ (^Xt^j) is isomorphic to 7r„ +i!+ p +; , (r{lv n+2 © ^+2)) ■ 
This is isomorphic to 

^n+i+p+x (T{(l l Vn + 2 © {^)%TP®V P ))\y {l n+^ TP9eXp9vp) ^ . 

Since setting G = G n+ 2+^j+ pi we have the bundle map of 

7y„ +2 © (tp)*CTP © — (^)*(7g +P )Iv (73 + 2 +~, R p +1+ ") x "p 
covering the canonical homotopy (n + 1 + ^-equivalent map 

^(7g+^,TP©4©!/ P ) — ► y(7g +2+ ",R p+1 +") x P, 
by (10.5), the last group is isomorphic to 

Kn+l+p+x (r((7TQ)*7Q +P | y(7 g+2+^ J;p+1+ ^ ) ) AT(i/p)J . 

This is isomorphic to 

-Kn+e+p+l+2x (r((7Tg)*(7g +P © £G +> ")ly(73+ 2+ **,RP+i+-)) A T ( V p)) ■ 

Since we have the bundle map of 7g„ +2+ „ © e G^+2+L to ^G +P © e G +>< covering the 
canonical map G n +2+>c — ► G again, this is isomorphic to 

7r n +£+p+l+2>, ^ T (( 7r G„ +2+ ^)*(7G„ + 2+« © £ Gt+t+«)ly(75^+^,RP+ 1 +-)) AT (^)^) • 

Since p o p is a homotopy ^-equivalence, it follows from (10.6) that the last group 
is isomorphic to 

(^(7G?_:;tr +P+1+ j at (^)) . 

which is isomorphic to 

(10.7) n n+e+>c (t(tg„_ p+1 ) ATM) « (S^-T^JAT^)}. 

Since £ is sufficiently large and k is any integer with x ^ p + 3, we have proved the 
assertion. □ 



Now we define 



B V = lim C°(^-^,T( 7 | )). 



By the duality map T(v P )hS t {P a ) -> 5 p+ ^ +t , the last group in (10.7) is isomorphic 
to 

A S*(P°); T( 7 S„_ p+1 ) A S^ +t ] « {S*-*+< A P°; T(7 Gn _ p+1 )}. 
Then we have the following proposition. 
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Proposition 10.5. Let P be oriented and connected. Then we have the isomor- 
phism 

km n n+t (T(% n+2 )) -+[P,B V ], 



where V n+2 = V(^ +1 © e 1 - , TP © s p ). 

Furthermore, let n = p and F be the space defined in Introduction. Then it has 
been proved in [U Proposition 4.1 and Remark 4.3] and [3] by applying Theorem 
10.4 that there exists an isomorphism 

(10.8) 0(n,P; fi 1 ' ) fa [P,F]. 

In particular, the homotopy group ir n (F, *) of the F's connected component of maps 
of degree is isomorphic to the n-th stable homotopy group 7r£ by O Theorem 1 
and Corollary 2]. 

Chess [IH 1.3 Corollary] has proved, in our notation, that D(n, K"; f2 1,0 ) is iso- 
morphic to 7r*. We can prove this fact from (10.5). In fact, let D(n, S n ; fi 1 ' ; 0) 
denote the subset of D(n, S n ; fi 1 ' ) which consists of all cobordism classes [/] such 
that the degree of / is 0. By applying the h-principles in (h-P) for fold-maps to 
W l and S n in :fi) we can prove that the inclusion M™ = 5"\{(0, • • • , 0, 1)} -> S n 
canonically induces an isomorphism 

D(n, M"; fi 1 ' ) -► D(n, S n ; ft 1 ' ; 0). 

The detail is left to the reader. 

The author proposes a problem: Let in : 7r^ w D(n, S n ; J7 1,0 ; 0) — > 0(n, S n ; f2) 
denote the homomorphism induced from the inclusion Q ' (n,n) — > 0(n, n). For 
an element a ^ in 7r^, we define a /C-invariant open subset U(a) in J k (n,n) as 
the union of all A^-invariant open sets fl(n,n) such that io.(a) 7^ 0. Study how 
the singularities in U(a) are related to a. The spaces Bo's for D(n, S n ; f2) will be 
useful. This should be compared with the theme and the problem studied in [7]. 

Acknowledgement. The author would like to express his gratitude to Professor 
O. Saeki for helpful discussions and comments. 
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